We propose a version of a gravitational theory with the torsion field, induced by the chameleon field. Following Hojman et al. Phys. Rev. D 17, 3141 (1976) the results, obtained in Phys. Rev. D 90, 045040 (2014), are generalised by extending the Einstein gravity to the Einstein-Cartan gravity with the torsion field as a gradient of the chameleon field through a modification of local gauge invariance of minimal coupling in the Weinberg-Salam electroweak model. The contributions of the chameleon (torsion) field to the observables of electromagnetic and weak processes are calculated. Since in our approach the chameleon-photon coupling constant βγ is equal to the chameleonmatter coupling constant β, i.e. βγ = β, the experimental constraints on β, 
I. INTRODUCTION
The chameleon field, the properties of which are analogous to a quintessence [1, 2] , i.e. a canonical scalar field invented to explain the late-time acceleration of the Universe expansion [3] [4] [5] , has been proposed in [6] [7] [8] . In order to avoid the problem of violation of the equivalence principle [9] a chameleon mass depends on a mass density ρ of a local environment [6] [7] [8] . The self-interaction of the chameleon field and its interaction to a local environment with a mass density ρ are described by the effective potential V eff (φ) [6] [7] [8] [10] [11] [12] V eff (φ) = V (φ) + ρ e βφ/M Pl ,
where φ is a chameleon field, β is a chameleon-matter field coupling constant and M Pl = 1/ √ 8πG N = 2.435 × 10 27 eV is the reduced Planck mass [13] . The potential V (φ) defines self-interaction of a chameleon field.
As has been pointed out in Ref. [10] [11] [12] , ultracold neutrons (UCNs), bouncing in the gravitational field of the Earth above a mirror and between two mirrors, can be a good laboratory for testing of a chameleon-matter field interaction. Using the solutions of equations of motion for a chameleon field, confined between two mirrors, there has been found the upper limit for the coupling constant β < 5.8 × 10 8 [12] , which was estimated from the contribution of a chameleon field to the transition frequencies of the quantum gravitational states of UCNs, bouncing in the gravitational field of the Earth. For the analysis of the chameleon-matter field interactions in Refs. [10] [11] [12] the potential V (φ) of a chameleon-field self-interaction has been taken in the form of the Ratra-Peebles potential [14] (see also [6, 7] )
where Λ = 4 3Ω Λ H 2 0 M 2 Pl = 2.24(2) × 10 −3 eV [15] with Ω Λ = 0.685 +0.017 −0.016 and H 0 = 1.437(26) × 10 −33 eV are the relative dark energy density and the Hubble constant [13] , respectively, and n is the Ratra-Peebles index. The runaway form Λ 4+n /φ n for φ → ∞ is required by the quintessence models [1, 2] . Such a potential of a self-interaction of the chameleon field allows to realise the regime of the strong chameleon-matter coupling constant β ≫ 10 5 [10] [11] [12] . Recently [16] some new chameleon-matter field interactions have been derived from the non-relativistic approximation of the Dirac equation for slow fermions, moving in spacetimes with a static metric, caused by the weak gravitational field of the Earth and a chameleon field. The derivation of the non-relativistic Hamilton operator of the Dirac equation has been carried out by using the standard Foldy-Wouthuysen (SFW) transformation. There has been also shown that the chameleon field can serve as a source of a torsion field and torsion-matter interactions [17] - [24] . A relativistic covariant torsion-neutron interaction has been found in the following form [16] 
where T µ is the torsion field, ψ(x) is the neutron field operator, A(x) ← → ∂ ν B(x) = A(x)∂ ν B(x) − (∂ ν A(x))B(x) and σ µν = i 2 (γ µ γ ν − γ ν γ µ ) is one of the Dirac matrices [25] . In the non-relativistic limit we get δL T (x) = i g T T ·ψ(x)( Σ × ∇ )ψ(x) + . . . = i g T T · ϕ † (x)( σ × ∇ )ϕ(x) + . . . ,
where ϕ(x) is the operator of the large component of the Dirac bispinor field operator ψ(x) and Σ = γ 0 γγ 5 is the diagonal Dirac matrix with elements Σ = diag( σ, σ ) and σ are the 2 × 2 Pauli matrices [25] . As has been found in [16] the product g T T is equal to g T T (x) = − 1 + 2γ 4m
where γ = 1 for the Schwarzschild metric of a weak gravitational field [16] ( see also [26] [27] [28] ).
Following [18] we introduce the torsion field tensor T α µν as follows
where f ,µ = ∂ µ f and f = e φH . Such an expression one obtains from the requirement of local gauge invariance of the electromagnetic field strength [18] (see also section III). According to [16] , the scalar field φ H can be identified with a chameleon field φ as φ H = βφ/M Pl . As a result, we get
where δ α ν = g αλ g λν and g νλ and g λα are the metric and inverse metric tensor, respectively. The torsion tensor field T α µν is anti-symmetric T α µν = −T α νµ . For the subsequent analysis we need a definition of the covariant derivative V µ;ν of a vector field V µ in the curve spacetime. It is given by [29] [30] [31] 
where Γ α µν is the affine connection, determined by [18] 
where { α µν } are the Christoffel symbols [29] [30] [31] { α µν } = 1 2 g αλ (g λµ,ν + g λν,µ − g µν,λ ) (10) and T α µν is the torsion tensor field [17, 18] 
We introduce the contribution of the torsion field in agreement with Hojman et al. [18] (see Eq.(38) of Ref. [18] ).
Having determined the affine connection we may introduce the Riemann-Christoffel tensor R α µνλ or curvature tensor as [29] [30] [31] 
which is necessary for the definition of the Lagrangian of the gravitational field in terms of the scalar curvature R [29] related to the Riemann-Christoffel tensor R α µνλ by [29] [30] [31] 
Here R µλ is the Ricci tensor [29] [30] [31] . Following [18] and skipping intermediate calculations one may show that the scalar curvature R is equal to
where the curvature R is determined by the Riemann-Christoffel tensor Eq.(12) with the replacement Γ α µν → { α µν }. The paper is organised as follows. In section II we consider the chameleon field in the gravitational field with torsion (a version of the Einstein-Cartan gravity), caused by the chameleon field. We derive the effective Lagrangian and the equations of motion of the chameleon field coupled to the gravitational field (a version of the Einstein gravity with a scalar self-interacting field). In section III we analyse the interaction of the chameleon (torsion) field with the electromagnetic field, coupled also to the gravitational field. Following Hojman et al. [18] and modifying local gauge invariance of the electromagnetic strength tensor field we derive the torsion field tensor T α µν in terms of the chameleon field (see Eq. (7) . In section IV we analyse the torsion (chameleon) -photon interactions in terms of the two-photon decay φ → γ + γ of the chameleon and the photon-chameleon scattering γ + φ → φ + γ. We show that the amplitudes of the two-photon decay and the photon-chameleon scattering are gauge invariant. In order words we show that the replacement of the photon polarisation vectors by their 4-momenta leads to the vanishing of the amplitudes of the two-photon decay and the photon-chameleon scattering. In section V we investigate the Weinberg-Salam electroweak model [13] without fermions. We derive the effective Lagrangian of the electroweak bosons, the electromagnetic field and the Higgs boson coupled to the gravitational and chameleon field. Such a derivation we carry out by means of a modification of local gauge invariance. In section VI we include fermions into the Weinberg-Salam model and derive the effective interactions of the electroweak bosons, the Higgs field and fermions with the gravitational and chameleon field. In section VII we calculate the contributions of the chameleon to the charge radii of the neutron and proton. We calculate the contributions of the chameleon to the correlation coefficients of the neutron β − -decay n → p + e − +ν e + φ with a polarised neutron and unpolarised proton and electron. In addition we calculate the cross section for the neutron β − -decay φ + n → p + e − +ν e , induced by the chameleon field. In section VIII we discuss the obtained results and perspectives of the experimental analysis of the approach, developed in this paper, and of observation of the neutron β − -decay, induced by the chameleon.
II. TORSION GRAVITY AND EFFECTIVE LAGRANGIAN OF CHAMELEON FIELD
The action of the gravitational field with torsion, the chameleon field and matter fields we define by [6, 7] 
where the Lagrangian L[R, φ] is given by
Here φ ,µ = ∂φ/∂x µ and φ ,µ = ∂φ/∂x µ and V (φ) is the potential of the self-interaction of the chameleon field Eq.(2). The matter fields are described by the Lagrangian L m [g µν ]. The interaction of the matter field with the chameleon field runs through the metric tensorg µν in the Jordan-frame [6, 7, 32, 33] , which is conformally related to the Einstein-frame metric tensor g µν byg µν = f 2 g µν (org µν = f −2 g µν ) and √ −g = f 4 √ −g with f = e βφ/M Pl [6, 34] . The factor e βφ/M Pl can be interpreted also as a conformal coupling to matter fields [6, 7] . Using Eq. (14) we transcribe the action Eq.(15) into the form
where the contribution of the torsion field to the scalar curvature is absorbed by the kinetic term of the chameleon field. The Lagrangian L[φ] is equal to
The total Lagrangian in the action Eq. (17) is usually referred as the Lagrangian in the Einstein frame, where g µν as well as g µν is the Einstein-frame metric such as φ ,µ φ ,µ = g µν φ ,µ φ ,ν and ✷φ [34] (see also [6, 7] ).
Varying the action Eq.(17) with respect to φ ,µ and φ we arrive at the equation of motion of the chameleon field
Using the Lagrangian Eq.(18) we transform Eq.(19) into the form
where V ′ φ (φ) and f ′ φ are derivatives with respect to φ. Since by definition [6, 7] the derivative
is a matter stress-energy tensor in the Jordan frame, Eq.(20) takes the form
whereT α α =g αλT αλ . For a pressureless matterT α α =ρ, whereρ is a matter density in the Jordan frame, related to a matter density in the Einstein frame ρ byρ = f −3 ρ [6] we get
where we have set f
coincides with the derivative of the effective potential of the chameleon-matter interaction V eff (φ) with respect to φ, given by Eq.(1) for f = e βφ/M Pl .
III. TORSION GRAVITY WITH CHAMELEON AND ELECTROMAGNETIC FIELDS
In this section we analyse the interactions of the torsion (chameleon) field with the electromagnetic field. The action of the gravitational field, the chameleon field, the matter fields and the electromagnetic field is equal to
describes an environment where the chameleon field couples to the electromagnetic field.
Following then Hojman et al. [18] we define the electromagnetic strength tensor field F µν in the gravitational and torsion field
where F µν = A ν,µ − A µ,ν and A µ is the electromagnetic 4-potential. According to Hojman et al. [18] , under a gauge transformation the electromagnetic potential transforms as follows
where c µ α (Φ) is a functional of the scalar field Φ, which we identify with the chameleon field Φ = βφ/M Pl , i.e. c µ α (Φ) → c µ α (φ) = δ µ α e βφ/M Pl , and Λ is an arbitrary gauge function. The gauge invariance of the electromagnetic field strength imposes the constraint [18] 
This gives the torsion tensor field given by Eq.(6) and Eq.(7). Substituting Eq.(25) into Eq. (24) we arrive at the expression
Using the definition of the torsion tensor field Eq. (7) we arrive at the action
Thus, because of the torsion-electromagnetic field interaction the chameleon becomes unstable under the two-photon decay φ → γ + γ and may scatter by photons γ + φ → φ + γ with the chameleon-matter coupling constant β/M Pl . These reactions are described by the effective Lagrangians
and
For the application of the action Eq. (29) with chameleon-photon interactions to the calculation of the specific reactions of the chameleon-photon and chameleon-photon-matter interactions we have to fix the gauge of the electromagnetic field. We may do this in a standard way [25] 
where f (A µ ;µ , A ν , φ) is a gauge fixing functional and the divergence A µ ;µ is defined by [30, 31] 
The affine connectionΓ α µν we have to calculate for the Jordan-frame metricg µν = f 2 g µν [6, 32] . We get
such asΓ α νµ −Γ α µν = T α µν (see Eq. (7)). As a result, the divergence A µ ;µ is equal to [30, 31] 
Since a gauge condition should not depend on the chameleon field, we propose to fix a gauge as follows
where ξ is a gauge parameter. Now we are able to investigate some specific processes of chameleon-photon interactions.
IV. CHAMELEON-PHOTON INTERACTIONS
The specific processes of the chameleon-photon interaction, which we analyse in this section, are i) the two-photon decay φ → γ +γ and ii) the photon-chameleon scattering γ +φ → φ+γ. The calculation of these reactions we carry out in the Minkowski spacetime. For this aim in the interactions Eq.(30) and Eq.(31) we make a replacement g µν → η µν , where η µν is the metric tensor in the Minkowski space time with only diagonal components (+1, −1, −1, −1), and g → det{η µν } = −1. For the calculation of the two-photon decay rate of the chameleon we use the Lagrangian Eq. (30) . The Feynman diagram of the amplitude of the two-photon decay of the chameleon is shown in Fig. 1 . The analytical expression of the amplitude of the φ → γ + γ decay is equal to
where ε * j (k j ) and k j for j = 1, 2 are the polarisation vectors and the momenta of the decay photons, obeying the constraints ε * j (k j ) · k j = 0. Skipping standard calculations we obtain the following expression for the two-photon decay rate of the chameleon
where m φ is the chameleon mass, defined by [11] m φ = Λ n(n + 1) βρ nM Pl Λ 3 n+2 2n+2 (39) as a function of the chameleon-matter coupling constant β, the environment density ρ and the Ratra-Peebles index n.
The Feynman diagrams of the amplitude of the photon-chameleon scattering are shown in Fig. 2 . The contributions of the diagrams in Fig. 2 are given by
where ε 1 and ε * 2 are the photon polarisation vectors in the initial and final states of the photon-chameleon scattering. They depend on the photon momenta ε 1 (k 1 ) and ε * 2 (k 2 ) and obey the constraints
The chameleon field mass m φ is defined by Eq. (39) . The vertex of φ 3 interaction is defined by the effective Lagrangian
Here φ min is the minimum of the chameleon field, given by [10, 11] 
where ρ is the density of the medium in which the chameleon field propagates. The photon propagator D αβ (q) is equal to
One may show that the amplitudes M (a) (γ φ → φ γ) and M (b) (γ φ → φ γ) do not depend on the longitudinal part of the photon propagator. As a result the amplitudes M (a) (γ φ → φ γ) and M (b) (γ φ → φ γ) can be transcribed into the form
The total amplitude of the photon-chameleon scattering is defined by the sum of the amplitudes Eq.(40)
Now let us check gauge invariance of the amplitude of the photon-chameleon scattering Eq.(42). As we have found already the amplitudes
do not depend on the longitudinal part of the photon propagator, i.e. on the gauge parameter ξ. Then, according to general theory of photon-particle (γ h) interactions [25] , the amplitude of photon-particle scattering should vanish, when the polarisation vector of the photon either in the initial or in the final state is replaced by the photon momentum. This means that replacing either ε 1 → k 1 or ε * 2 → k 2 one has to get zero for the total amplitude Eq. (49) . Since one may see that the amplitude
is self-gauge invariant, one has to check the vanishing of the sum of the amplitudes, defined by the first three Feynman diagrams in Fig. 2 
Replacing ε 1 → k 1 we obtain
Because of the relation
the sum of the amplitudes Eq. (51) vanishes, i.e.
The same result one may obtain replacing ε * 2 → k 2 . Thus, the obtained results confirm gauge invariance of the amplitude of the photon-chameleon scattering, the complete set of Feynman diagrams of which is shown in Fig. 2 .
Of course, because of the smallness of the constant β 4 /M 4 Pl < 10 −60 barn/eV 2 , estimated for β < 5.8 × 10 8 [12] , the cross section for the photon-chameleon scattering is extremely small and hardly plays any important cosmological role at low energies, for example, for a formation of the cosmological microwave background and so on [55, 56] . Nevertheless, the observed gauge invariance of the amplitude of the photon-chameleon scattering is important for the subsequent extension of the minimal coupling inclusion of a torsion field to the Weinberg-Salam electroweak model [25] in the Einstein-Cartan gravity. One of the interesting consequences of the observed gauge invariance of the chameleon-photon interaction might be unrenormalisability of the coupling constant β/M Pl by the contributions of all possible interactions. This might mean that the upper bound on the chameleon-matter coupling constant β < 5.8 × 10 8 , measured in the qBounce experiments with ultracold neutrons [12] , should not be change by taking into account the contributions of some other possible interactions.
In this connection the results, obtained in this section, can be of interest with respect to the analysis of the contributions of the photon-chameleon direct transitions in the magnetic field to the cosmological microwave background [55] . The effective chameleon-photon coupling constant g eff , introduced by Davis, Schelpe and Shaw [55] , in our approach is equal to g eff = β/M Pl . Using the experimental upper bound β < 5.8 × 10
8 we obtain g eff < 2.4 × 10 −10 GeV −1 . This constraint is in qualitative agreement with the results, obtained by Davis, Schelpe and Shaw [55] . The experimental constraints on the chameleon-matter coupling β < 1.9 × 10 7 (n = 1), β < 5.8 × 10 7 (n = 2), β < 2.0 × 10 8 (n = 3) and β < 4.8 × 10 8 (n = 4), measured recently by H. Lemmel et al. [57] using the neutron interferometer, place more strict constraints of the astrophysical sources of chameleons, investigated in [51] - [55] .
V. TORSION GRAVITY AND WEINBERG-SALAM ELECTROWEAK MODEL WITHOUT FERMIONS
In this section we investigate the Weinberg-Salam electroweak model without fermions in the minimal coupling approach to the torsion field (see [18] ), caused by the chameleon field [16] .
According to Hojman et al. [18] , in the Einstein-Cartan gravity with a torsion field, induced by a scalar field, the covariant derivative of a charged (pseudo)scalar particle with electric charge q should be equal to
with f = e βφ/M Pl . Using such a definition of the covariant derivative one may calculate the electromagnetic field strength tensor F µν as follows [25] 
where the torsion tensor field T α µν is given by Eq. (11) . In this section we discuss the Weinberg-Salam electroweak model [25] in the Einstein-Cartan gravity with a torsion field, caused by the chameleon field. Below we consider the Weinberg-Salam electroweak model without fermions.
The Lagrangian of the Weinberg-Salam electroweak model of the electroweak bosons and the Higgs field with gauge SU (2) × U (1) symmetry, determined in the Minkowski space-time, takes the form [25] 
where g ′ and g are the electroweak coupling constants and A µ and B µ are vector fields and Φ is the Higgs boson field. Then, Y w and I w = 
The Higgs boson field Φ and its vacuum expectation value are given in the standard form [25] 
where Φ 0 = (v + ϕ)/ √ 2 and ϕ is a physical Higgs boson field. The potential energy density V (Φ † Φ) has also the standard form [25] 
with µ 2 > 0, κ > 0 and 
Using the covariant derivative Eq. (60) we may calculate the commutator [D µ , D ν ] and obtain the following expression
where A µν and B µν are the field strength tensors Eq. (57) . Under gauge transformations
where Ω and Λ are the gauge matrix and gauge function, respectively, and A µ = 1 2 τ · A µ , the field strength tensors A µν = 1 2 τ · A µν and B µν transform as follows [25] 
In the Einstein-Cartan gravity with a torsion field in the minimal coupling approach the covariant derivative Eq. (60) should be taken in the following form
For the definition of field strength tensors A µν and B µν , extended by the contribution of a torsion field, we propose to calculate the commutator [D µ , D ν ]. The result of the calculation is
where the field strength tensors A µν and B µν are equal to
where the torsion tensor field T α µν is given in Eq. (11) . Thus, the Lagrangian of electroweak interactions in the Einstein-Cartan gravity with a torsion field in the minimal coupling constant approach and the chameleon field, coupled through the Jordan metricg µν = f 2 g µν , takes the form [34]
where the factor f 4 comes from √ −g = f 4 √ −g. The physical vector boson states of the Weinberg-Salam electroweak model are [25] 
where
. In terms of the electroweak boson fields W ± µ and Z µ , the electromagnetic field A µ , the Higgs boson field ϕ and the chameleon field φ, coupled to the gravitational field with torsion, the Lagrangian of the electroweak interactions takes the following form
where 
Now we are able to extend the obtained results to fermions.
VI. TORSION GRAVITY WITH CHAMELEON FIELD AND WEINBERG-SALAM ELECTROWEAK MODEL WITH FERMIONS
A. Dirac fermions with mass m in the Einstein-Cartan gravity, coupled to the chameleon field through the Jordan metricgµν = f 2 gµν
The Dirac equation in an arbitrary (world) coordinate system is specified by the metric tensor g µν (x). It defines an infinitesimal squared interval between two events
The relativistic invariant form of the Dirac equation in an arbitrary coordinate system is [26] (iγ
where γ µ (x) are a set of Dirac matrices satisfying the anticommutation relation
and ∇ µ is a covariant derivative without gauge fields. For an exact definition of the Dirac matrices γ µ (x) and the covariant derivative ∇ µ we follow [26] and use a set of tetrad (or vierbein) fields eα µ (x) at each spacetime point x defined by
The
which is characterised by the indexα = 0, 1, 2, 3. The tetrad fields eα µ (x) are related to the metric tensor g µν (x) as follows:
This gives
Thus, the tetrad fields can be viewed as the square root of the metric tensor g µν (x) in the sense of a matrix equation [26] . Inverting the relation Eq. (74) we obtain
There are also the following relations
In terms of the tetrad fields e μ α (x) and the Dirac matrices γα in the Minkowski spacetime the Dirac matrices γ µ (x) are defined by
A covariant derivative ∇ µ we define as [26] 
The spinorial affine connection Γ µ (x) is defined by [26] 
where σαβ = i 2 (γαγβ − γβγα) and eβ ν;µ (x) is given in terms of the affine connection Γ α µν (x)
In the Einstein gravity the affine connection Γ α µν (x) is equal to Γ α µν (x) = { α µν } (see Eq. (10)). Specifying the spacetime metric one may transform the Dirac equation Eq.(72) into the standard form
whereĤ is the Hamilton operator. For example, for the static metric ds
, where V and W are spatial functions, one may show that the Hamilton operator is given by (see [16, 35] )
In the approach to the Einstein-Cartan gravity with torsion, developed above, the Lagrangian of the Dirac field ψ(x) with mass m, coupled to the chameleon field through the Jordan metricg µν = f 2 g µν , is equal to
where the tetrad fields in the Jordan-frame and the Einstein-frame are related bỹ
and the covariant derivative is equal tõ
As a result we get
Below we apply the obtained results to the analysis of the electroweak interactions of the neutron and proton.
B. Electroweak model for neutron and proton, coupled to chameleon field through the Jordan metric
For the subsequent application of the results, obtained below, to the analysis of the contribution of the chameleon field to the radii of the neutron and the proton and to the neutron β − -decay we defined the electroweak model for the following multiplets
where ψ L = 
The masses of the neutron and electron one may gain by virtue of the following interactions with the Higgs field Φ
where κ n and κ e are the input parameters, defining the neutron and electron masses m n = κ n v/ √ 2 and m e = κ e v/ √ 2, respectively. In principle, the proton mass we may gain due to the interaction of the proton fields with the Higgs field Φ, defined by the column matrix with the components (v + ϕ)/ √ 2 and Φ − = (Φ + ) † . Using the Higgs fieldΦ one gets
where m p = κ p v/ √ 2 is the proton mass. In terms of the physical vector field states the Lagrangian of fermion field is given by
We note that for the calculation of Γ µ (x) we have to use the affine connection, given by Eq.(87).
VII. CONTRIBUTION OF CHAMELEON FIELD TO CHARGE RADII OF NEUTRON AND PROTON AND TO NEUTRON β − -DECAY
The electroweak model in the Einstein-Cartan gravity with the torsion and chameleon fields, analysed above, is applied to some specific processes of electromagnetic and weak interactions of the neutron and proton to the chameleon field. In this section we calculate the amplitudes of the electron-neutron and electron-proton low-energy scattering with the chameleon field exchange and define the contributions of the chameleon field to the charge radii of the neutron and proton. We calculate also the contribution of the chameleon field to the energy spectra of the neutron β − -decay and the lifetime of the neutron. The calculations we carry out in the Minkowski spacetime replacing metric tensor g µν in the Einstein frame by the metric tensor of the Minkowski spacetime g µν → η µν . The Lagrangian of the electromagnetic and electroweak interactions of the neutron, the proton, the electron and the electron neutrino, coupled to the torsion field and the chameleon field in the Minkowski spacetime, is given by
Feynman diagram for the contribution of the torsion-chameleon field to the squared charge radius of the neutron
where the ellipsis denotes the interactions with the Higgs field. Then. m p = 938.27205 MeV, m n = 939.56538 MeV and m e = 0.51100 MeV are the masses of the proton, neutron and electron, respectively [13] . Expanding the conformal factor f = e βφ/M Pl in powers of the chameleon field and keeping only the linear terms we arrive at the following interactions
where we have omitted the interactions with the Higgs field, which do not contribute to the processes our interest. The contribution of the terms, containing Γ µ (x), which in the Minkowski spacetime is equal to Γ µ = i 4 σ µν (ℓnf ) ,ν , can be transformed into total divergences and omitted. The torsion (chameleon) contribution to the squared charge radius of the neutron is defined by the Feynman diagram in Fig. 3 . The chameleon-neutron interaction is defined by (see Eq. (95))
The Lagrangian of the qφγγ interaction, given by Eq. (30) for √ −g = 1, can be transcribed into the form
where we have omitted the total divergence. The analytical expression for the Feynman diagram in Fig. 3 is equal to
where m φ is the chameleon mass Eq. (39) as a function of the chameleon-matter coupling constant β, the environment density ρ and the Ratra-Peebles index n, and D αβ (Q) is the photon propagator Eq. (46) . Substituting the photon propagators D αµ (q) and D σν (q + k e − k ′ e ), taken in the form of Eq. (46), into Eq.(98) one may show that the integrand does not depend on the gauge parameter ξ, i.e. the integrand is gauge invariant.
Measuring the electric charge on the neutron in the electric charge of the proton for the calculation of the neutron electric radius we have to compare Eq.(98) to the amplitude
where e q = −e p and e p are the electric charges of the electron and proton, respectively, and r 2 n is the squared charge radius of the neutron. The product [ū(k
From the comparison of Eq. (98) with Eq.(99) the contribution of the chameleon to the squared charge radius of the neutron can be determined by the following analytical expression
where we have set k ′ e = k e and k ′ n = k n . Merging denominators by using the Feynman formula
we arrive at the following expression
Making use a standard procedure for the calculation of the integrals Eq.(102), i.e. i) the shift of the virtual momentum q+k e (1−x), ii) the integration over the 4-dimensional solid angle and iii) the Wick rotation, we arrive at the expression
where M is the ultra-violet cut-off. For numerical estimates we set M = M Pl [29] . This gives
According to [37] , the squared charge radius of the neutron can be defined by the expression n(n + 1)
where the chameleon mass is measured in meV. From the comparison to the experimental values we obtain respectively. One may use Eq.(107) for the estimate of the lower bound of the chameleon-matter coupling constant β. Since the experiments on the measuring of the electron-neutron scattering length have been carried out for liquid lead and bismuth [37] with densities ρ Pb = 10.678 g/cm 3 and ρ Bi = 10.022 g/cm 3 , respectively, in Fig. 4 we plot the lower bound of the chameleon-matter coupling β at which the contributions of the chameleon field are essential.
The minimal lower bound β ≥ 10 19 is ten orders of magnitude larger compared to the value β < 5.8 × 10 8 , measured recently in the qBounce experiments [12] . As a result, the contribution of the chameleon field to the electron-scattering length in the environment of the liquid lead and bismuth is negligible. Thus, in order to obtain a tangible contribution of the chameleon to the electron-neutron scattering length b ne or the squared charge radius of the neutron r 2 n , the experiments should be carried out in the environments with densities of order ρ ∼ 10 −7 g/cm 3 or even smaller.
B. Contributions of the chameleon field to the squared charge radius of the proton r
The results obtained above for the squared charge radius of the neutron can be applied to the analysis of the contribution of the chameleon (torsion) to the squared charge radius of the proton. Since the interaction of the chameleon field with the proton is described by the Lagrangian Eq.(96) with the replacement n(x) → p(x), where p(x) is the operator of the proton field, the contribution of the chameleon field to the squared charge radius of the proton r [13] . The contribution of the chameleon field to the charge radius of the proton has been recently investigated by Brax and Burrage [38] . According to Brax and Burrage [38] , the contribution of the chameleon field may solve the so-called "the proton radius anomaly" [39] [40] [41] [42] . As has been shown in [43] - [47] the Lamb shift ∆E 2s→2p of the muonic hydrogen, calculated in QED with the account for the nuclear effects, can be expressed in terms of the charge radius of the proton r p 
where ∆E 2s→2p and r p are measured in meV and fm, respectively. The charge radius of the proton r p = 0.8768(69) fm, measured from the electronic hydrogen [48] and agreeing well with the charge radius of the proton r p = 0.879(8) fm, extracted from in the electron scattering experiments [49] . In turn, the experimental value of the charge proton radius r p = 0.84087(39) fm, extracted from the measurements of the Lamb shift of muonic hydrogen [50] , is of about 4 % smaller compared to the charge radius of the proton, measured from the electronic hydrogen [40] . The correction to the Lamb shift, caused by the correction to the squared charge radius δr 
where we have set r p = 0.8768 fm. The correction to the charge radius of the proton, caused by low energy µ p scattering, is equal to (see Eq. (104))
where m µ = 105.6584 MeV and m p = 938.2720 MeV are the muon and proton masses, respectively [13] , and m φ and δr [39] , of the Lamb shift of muonic hydrogen [42] .The shaded area is excluded.
Lamb shift of the muonic hydrogen in terms of the parameters of the chameleon field theory and the matter density ρ m . We get
(111) with δE 2s→2p = 0.311 meV [42] . In Fig. 5 we plot the coupling constant β as a function of the Ratra-Peebles index n at the environment density ρ m ≈ 10 g/cm 3 [6] . One may see that for δE 2s→2p = 0.311 meV the lower bound of the chameleon-matter coupling constant β, at which the contribution of the chameleon is tangible, is β ≥ 10
16 . This is seven orders of magnitude larger compared to the recent experimental upper bound β < 5.8 × 10
8 [12] .
C. Contribution of the chameleon field to the neutron β − -decay
In this section we investigate the neutron β − -decay, caused by the interaction with the chameleon. This means that we investigate two reactions: i) the neutron β − -decay with an emission of the chameleon n → p + e − +ν e + φ and ii) the chameleon induced neutron β − -decay φ + n → p + e − +ν e . Since formally these two reactions are related by k φ → −k φ , where k φ is a 4-momentum of the chameleon, we give the calculation of the amplitude of the neutron β − -decay n → p + e − +ν e + φ with an emission of the chameleon.
Neutron β − -decay with the chameleon particle in the final state n → p + e − +νe + φ
The calculation of the amplitude of such a decay we use the following effective interactions
where G F = 1.1664 × 10 −1 MeV −2 is the Fermi coupling constant, V ud = 0.97427 (15) is the Cabibbo-KobayashiMaskawa (CKM) quark mixing matrix element [13] , λ = −1.2750 (9) is the axial coupling constant [58] (see also [59] ) and κ = κ p − κ n = 3.7058 is the isovector anomalous magnetic moment of the nucleon, defined by the anomalous magnetic moments of the proton κ p = 1.7928 and the neutron κ n = −1.9130 and measured in nuclear magneton [13] , M = (m n + m p )/2 is the nucleon average mass.
The Feynman diagrams of the amplitude of the neutron β − -decay n → p + e − +ν e + φ are shown in Fig. 6 . For the calculation of the analytical expression of the decay amplitude we follow [59] and carry out it in the rest frame of the neutron, keeping the contributions of the terms to order 1/M . The energy spectrum and angular distribution of the neutron β − -decay with polarised neutron and unpolarised proton and electron we may write in the following general form
where F (E e , Z = 1) is the relativistic Fermi function, describing the final-state electron-proton Coulomb interaction [11] , d 12 Γ is the phase-volume of the decay final state
and k j for j = n, p, e, ν and φ is a 4-momentum of the neutron and the decay particles, respectively. The factor Φ( k e , k ν , k φ ) is the contribution of the phase-volume, taking into account the terms of order 1/M . Following [59] one obtains
The last two terms define the deviation from the phase-volume factor, calculated in [59] for the neutron β − -decay n → p + e − +ν e . Taking into account the phase-volume factor Φ( k e , k ν , k φ ) we may carry out the integration over the phase-volume of the n → p + e − +ν e + φ decay, neglecting the contribution of the kinetic energy of the proton. Then, |M (n → p e −ν e φ)| 2 is the squared absolute value of the decay amplitude, summed over the polarisation of the decay electron and proton. The analytical expression of the amplitude M (n → p e −ν e φ) is defined by
where u j (k j , σ j ) for j = n, p and e are the Dirac bispinors of fermions with polarisations σ j , vν e (k ν , +1/2) is the Dirac bispinor of the electron antineutrino and O µ is defined by [59] 
In the accepted approximation the amplitude Eq.(115) can be defined by the expression
where O µ is given by
and the matrices O 0 and O, taken to order 1/M , are equal to
is the end-point energy of the electron-energy spectrum. The matrices O 0 and O are defined to order 1/M only [59] . For the calculation of the amplitude of the β − -decay of the neutron we use the Dirac bispinorial wave functions of the neutron and the proton
where ϕ n and ϕ p are the Pauli spinor functions of the neutron and proton, respectively. For the energy spectrum and angular distribution of the neutron β − -decay with polarised neutron and unpolarised proton and electron we may write in the following general form
where k e = E 2 e − m 2 e is the absolute value of the electron 3-momentum and ξ n is the unit polarisation vector of the neutron | ξ n | = 1. The correlation coefficients ζ(E e ), a(E e ), A(E e ), B(E e ), K n (E e ), Q n (E e ) and D(E e ) can taken from [59] at the neglect of the radiative corrections. The correction coefficient F φ we may represent in the following form
where the correlation coefficients F (j) φ for j = 1, 2, 3 are defined by i) the contributions of the terms, depending on the energy and 3-momentum of the chameleon particle in the matrices O 0 and O given by Eqs. (119) and (120), ii) the dependence of the 3-momentum of the proton k p on the 3-momentum of the chameleon particle, caused by the 3-momentum conservation k p = − k e − k ν − k φ (see Eqs.(A.16) and (A.17) in Appendix A of Ref. [59] ) and iii) the contributions of the phase-volume factor Eq.(115), respectively. The analytical expressions of these correlation coefficients are equal to
Now we may integrate over the phase-volume of the n → p + e − +ν e + φ decay. First of all we integrate over the 3-momentum of the proton k p . As has been mention above, we make such an integration at the neglect of the kinetic energy of the proton. Then, since one can hardly observe the dependence of the energy spectrum and the angular distribution on the direction of the 3-momentum of the chameleon, we make the integration over the 3-momentum of the chameleon k φ . The obtained energy spectrum and angular distribution is For the calculation of the amplitude M (φ n → p e −ν e ) of the induced neutron β − -decay φ + n → p + e − +ν e we may use the amplitude Eq.(116) with the replacement k φ → −k φ , where k φ is a 4-momentum of the chameleon. The Feynman diagrams for the chameleon-induced neutron β − -decay is shown in Fig. 8 . The cross section for the induced neutron β − -decay is
where the contribution of the electron-proton final-state Coulomb interaction is not important and neglected. Using the results, obtained in previous subsection, we get
Integrating over E e we obtain
Using the results, obtained in [62] (see also [63] ), we may analyse the quantity
which defines the number of transitions n → p e −ν e per second, induced by the chameleon, where Φ ch (E φ ) is the number of solar chameleons per eV · s · cm 2 , normalised to 10 % of the solar luminosity per unite area L ⊙ /4πR ⊙ = 3.9305 × 10 22 eV s −1 cm −2 = 0.01007 eV 4 [62] , where L ⊙ = 2.3893 × 10 45 eV s −1 and R ⊙ = 6.9551(4) × 10 10 cm are the total luminosity and the radius of the Sun [13] . Following [62] we obtain that λ φn < 10 −41 s −1 for β < 5.8 × 10 8 [12] .
VIII. CONCLUSION
We have developed the results, obtained in [16] , where there was shown that the chameleon field can serve also as a source for a torsion field and low-energy torsion-neutron interactions, where the torsion field is determined by a gradient of the chameleon one. Following Hojman et al. [18] we have extended the Einstein gravitational theory with the chameleon field to a version of the Einstein-Cartan gravitational one with a torsion field. For the inclusion of the torsion field we have used a modified form of local gauge invariance in the Weinberg-Salam electroweak model with minimal coupling and derived the Lagrangians of the electroweak and gravitational interactions with the chameleon (torsion) field.
Gauge invariance of the torsion-photon interactions has been explicitly checked by calculating the amplitudes of the two-photon decay of the torsion (chameleon) field φ → γ + γ and the photon-torsion (chameleon) scattering γ + φ → φ + γ or the Compton photon-torsion (chameleon) scattering. Unlike the Compton-scattering, where photons scatter by free charged particles with charged particles in the virtual intermediate states, in the photontorsion (chameleon) scattering a transition from an initial (γ φ) state to a final (γ φ) goes through the one-virtual photon exchange (see Fig. 2a and Fig. 2b ) and the local L γγφφ interaction (see Fig. 2c ). The Feynman diagram Fig. 2d is self-gauge invariant due to the local L γγφ interaction. Gauge invariance has been checked directly by a replacement of the one of the polarisation vectors of the photons in the initial and final state by its 4-momentum. Since in these reactions the coupling constant of the photon-torsion (chameleon) interaction is g eff = β/M Pl , in analogy with gauge invariance of photon-charge particles interactions, where electric charge is a coupling constant -unrenormalisable by any interactions, one may assert that the coupling constant g eff = β/M Pl should be also unrenormalisable by any interactions. This may place some strict constraints on possible mechanisms of the chameleon-matter coupling constant β/M Pl screening [64, 65] . In this connection the Vainstein mechanism, leading the screening of the coupling constant β/M Pl by the factor 1/ √ Z, where Z > 1 is a finite renormalisation constant of the wave function of the chameleon field caused by a self-interaction of the chameleon field [65] or some new higher derivative terms [66] , is prohibited in such a version of the Einstein-Cartan gravity with the chameleon field and torsion. Because of the smallness of the constant β 4 /M 4 Pl < 10 −60 barn/eV 2 , estimated for β < 5.8 × 10 8 [12] , the cross section for the photon-chameleon scattering is extremely small and hardly may play any important cosmological role at low energies, for example, for a formation of the cosmological microwave background and so on. However, since in our approach the coupling constant β γ /M Pl is fixed in terms of the coupling constant β/M Pl , the recent measurement of the upper bound β < 5.8 × 10
8 can make new constraints on the photon-chameleon oscillations in the magnetic field of the laboratory search for the chameleon field [67] [68] [69] .
In our approach the effective chameleon-photon coupling g eff = β/M Pl is equal to g eff = β/M Pl < 2.4×10 −10 GeV −1 , where we have used the experimental upper bound of the chameleon-matter coupling constant β < 5.8 × 10
8 [12] . The obtained upper bound g eff < 2.4 × 10 −10 GeV −1 is in qualitative agreement with the upper bounds, estimated by Davis, Schelpe and Shaw [55] . Then, the constraints on β: β < 1.9 × 10 7 (n = 1), β < 5.8 × 10 7 (n = 2), β < 2.0 × 10 8 (n = 3) and β < 4.8 × 10 8 (n = 4), measured recently by H. Lemmel et al. [57] using the neutron interferometer, may be used for more strict constraints on the astrophysical sources of chameleons, investigated in [51] - [55] .
Using the photon-torsion (chameleon) interaction we have estimated the contributions of the chameleon field to the charged radii of the neutron and proton. All tangible contributions can appear only for β ≫ 10
8 . This, of course, is not compatible with recent experimental data β < 5.8 × 10
8 by Jenke et al. [12] . The branching ratio for the production of the chameleon in the neutron β − -decay n → p+e − +ν e +φ is extremely small Br(n → p e −ν e φ) < 1.8×10 −31 . In turn, the half-life of the neutron T (φ n) 1/2 = ℓn2/λ φn , caused by the chameleon induced neutron β − -decay φ+n → p+e − +ν e , is extremely large T (φ n) 1/2 = ℓn2/λ φn > 2 × 10 33 yr. Of course, because of the neutron life-time τ n = 880.3(1.1) s [13] , being in agreement with the recent theoretical value τ n = 879.6(1.1) s [59] , the chameleon induced neutron β − -decay cannot be observed by a free neutron. The experiment, which can give any meaningful result, can be organised in a way, which is used for the detection of the neutrinoless double β decays [70] . For example, it is known that the isotope 76 Ge is both stable with respect to non-exotic weak, electromagnetic and nuclear decays and are neutron-rich. It is unstable only with respect to the neutrinoless double β − -decay [70] . The experimental analysis of the low-bound on the half-life of 76 Ge has been carried out by the GERDA Collaboration Agostini et al. [71, 72] by measuring the energy spectrum of the electrons. The experimental lower bound has been found to be equal to T 1/2 > 3 × 10 25 yr
